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ON THE FABER COEFFICIENTS
OF FUNCTIONS UNIVALENT IN AN ELLIPSE
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ABSTRACT. Let E be the elliptical domain

22 42
—t s <1k
Grap " wmr <Y
Let S(E) denote the class of functions F'(z) analytic and univalent in E and
satisfying the conditions F(0) = 0 and F’(0) = 1. In this paper, we obtain
global sharp bounds for the Faber coefficients of the functions F'(z) in certain
related classes and subclasses of S(E).

E={x+iy:

1. INTRODUCTION

After the proof of the Bieberbach Conjecture, the interest in coefficient problems
in certain classes of functions analytic in the unit disc has decreased. In this paper,
we are interested in the problem of finding bounds for coefficients of some classes of
functions F'(z) in domains  other than the unit disc; specifically, we will consider
an elliptical domain. For this purpose we must have a series expansion of F(z)
which is, in certain ways, a generalization of the Taylor expansion. The Faber
expansion of F(z) in © will serve this purpose.

The results obtained in this study are related to the results for the unit disc.
Therefore it will be convenient to recall some well-known coefficient estimates for
certain classes of functions analytic in the unit disc.

Let S denote the class of functions f(z) which are analytic and univalent in the
unit disc D = {z : |z| < 1}, and normalized so that

(1) f(z):z+2anz” (lz] < 1).
n=2

Let C denote the subclass of S consisting of functions f(z) for which f(D) is a
convex set. Functions in C are called convex functions.

A function f(z) analytic in D is said to be typically real if and only if f(z) is
real for —1 < z < 1. We denote the class of such functions with the conditions
f(0O)=0and f'(0)=1by T.

Let P denote the class of functions p(z) analytic in D with p(0) = 1 and
Re{p(z)} > 0 for z € D.

Let S denote the class of odd functions in S.
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In 1917, Loewner [9] showed that if f(z) € C' is given by (1), then
lan| <1 (n=2,3,--+)

and the inequality is sharp. He showed that equality is attained only for functions
of the form
z

(2) CQ(Z) = m, RS [07271')
In 1907, Carathéodory [5] showed that if
(3) p(z) =1+ byz" € P,
n=1
then
This result is sharp. The functions
1+4e?z
(5) po(z) = Tty 0 € 0,2m),

are examples of functions for which equality is obtained in (4).
In 1931, Rogosinski [11] proved that if f(z) € T is given by (1), then

Equality occurs for all even n if f(z) is the Koebe function
z
7 k(2) =
™) &=qp

or —k(—z). Equality occurs for all odd n if f(z) is a convex combination of k(z)
and —k(—z2).

In 1916, Bieberbach [1] conjectured that the inequality given by (6) holds for
the entire class S. The Bieberbach conjecture was proved by de Branges in 1984
[2]. de Branges also proved that equality holds in (6) only if f(z) is a rotation of
the Koebe function, i.e.

f(z)=e"Pk(e?2), 0€]0,2m).

We next introduce the Faber polynomials associated with a simply connected
domain €2. Let 2 be a bounded, simply connected domain in C for which 0 € Q.
Let g(z) be the unique, one-to-one, analytic mapping of A = {z : |z| > 1} onto
C\ Q with

(8) g(z)zcz+zz—z (c>0, |z > 1).
n=0

Assume that  has capacity 1, so that ¢ = 1 in (8). The Faber polynomials
{®n(2)}22, associated with  (or g(z)) are defined by the generating function
relation [6, p.218]

wg' (w) & -
9) I N @, (2w
g(w) — 2 ,;)
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It is known [12, p.42] that if F(z) is analytic in Int Q and 99 is analytic then
F(z) has the representation

(10) F(z)= i Ap®,(2), zelntQ
n=0

where
1
n=— F —n=lyg
o /M_p (9(z))27" " dz

with p < 1 and close to 1. Also the series in (10), which is called the Faber series,
converges uniformly on compact subsets of Int 2. Thus the Faber polynomials pro-
vide an important tool in studying functions analytic in a simply connected domain
Q.

We define S(2) to be the class of functions F'(z) which are analytic and univalent
in © and normalized by the conditions F'(0) = 0 and F'(0) = 1. If ¢(z) is the
unique, one-to-one, analytic mapping of © onto D with ¢(0) = 0 and ¢'(0) > 0,
then F'(z) € S(Q) if and only if

for some f(z) € S. The Faber series (10) of F(z) will be written as
(12) F(z) =) Au(f)Pn(2)
n=0

where f(z) € S is the function characterized by (11).

It is not easy to deal with both exterior and interior mappings at the same time,
so we restrict our interest to an elliptical domain, for which both of these functions
are manageable. We will concentrate on the domain 2 = E, where

2 2
. X Y
E={x+1wy: —= + —F— <1}
et wap Ay <Y

1 _
The function g(z) = z + y is a one-to-one, analytic mapping of A onto C\F.
z

1
Substituting z + y for g(z) in (9) and carrying out necessary algebra yield that
z

the Faber polynomials {®,(z)}22, associated with E are the monic Chebyshev
polynomials, given by

() =2zt V221 +[r-vV2-1} (n=12--),

<I>0(z) =1.

Now let sn(z; q) be the Jacobi elliptic sine function with nome ¢ and modulus
0< ko<1, and let

1
1
K= dt
/o V1I—12/1— k22
(see [8, Chap. 2]). Then the function

2K 1
©(z) =V ko sn (— sin™! z; —>
71'

16
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is the one-to-one, analytic mapping of E onto D which satisfies the conditions
2Kk
©(0) =0 and ¢'(0) = Vho g [10, p.296].

We now define classes of functions on E analogous to the special classes associ-
ated with D as follows:

C(E)={F(z) € S(E) : F(E) is convex},

and

SA(E) ={F(2) € S(E) : F(z) is odd}.
Also, let T(F) denote the class of functions F'(z) analytic in E with the properties
F(0) =0, F'(0) = 1 and F(z) has real values for —2 <z< 2 and nonreal values
elsewhere. Finally, let P(E) denote the class of functions P(z) analytic in F with

1 T 1
P(0) = = and Re{P(z)} > 0. (The condition P(0) =
imposed for convenience.)
Functions F(z) in the classes C(F) and P(E) may be expressed in the form

(11) for functions f(z) in the classes C' and P, respectively. Since ¢(z) is odd and

is

5 5)
-1 < ¢(z) < 1 for 1 <*<yp the functions F(z) in the classes S®®)(E) and

T(E) may be expressed in the form (11) for some functions f(z) in the classes S(?)
and T, respectively.

Let the Faber expansions of functions F'(z) in the classes indicated above be given
by (12). In this paper, we obtain sharp bounds for the Faber coefficients { A, (f)}22,
of functions F(z) in the classes C(E), T(E) and P(FE). We also show that equalities

hold only if f(2) = co(2) = liz or f(z) =cq(2) = 135 f(z) =k(z) or f(z) =

1
—k(—z) where k(z) is the Koebe function given by (7), and f(z) = po(z) = . te or
—z
1—
f(z)=p:(2) = Z, respectively. Hence, in all three cases there are two extremal

1+2
functions, which is equivalent to the number of rotations of the ellipse. In addition,

we make a conjecture for the Faber coefficients of functions in the class S(F).

2. MAIN RESULTS

Lemma. If F(z) is analytic in E and has the Faber series given by (10), then the
Faber coefficients {A,}52, are given by
2m [
A, =— F(cosf)cosnfdd (n=0,1,2,---).

™ Jo

Proof. We have from (10)

(13) F(cosf) = Z Ap®,(cosh).
n=0

Substituting ®,,(cos ) = 217" cosnf into (13) gives

(14) F(cosf) = Z A2 cosnd.
n=0

Multiplying (14) by cosmé and then integrating from 0 to 7 completes the proof
of the lemma.
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Corollary 1. If the functions in the classes S(E), C(E), S®®(E), and P(FE) have
the Faber expansions given by (12), then the Faber coefficients {An(f)}22, are
given by

2m &
(15)  Au(f) = m/() Flp(cos)) cosnfdb, (n=0,1,2,--).
Proof. Corollary 1 follows from the lemma and the relation (11), since ¢'(0) =
2K ko
p—

In the next corollary we show that for functions in S)(E), the even Faber
coefficients are 0.

Corollary 2. If F(z) € S?(E), then A, (f) =0 (n=0,1,2,---).
Proof. From (15) we have

2211 /2
Ao (f) = m/{) [f((cosh)) + f(o(—cosh))]cos2nfdd (n=0,1,2,---).

Thus Ag,(f) =0 (n=0,1,2,---), because both f(z) and ¢(z) are odd functions.

Let F denote one of the sets C, T', and P. Then F is a compact set. Hence the
closed convex hull of F, ¢o(F), is also compact, and, since A, (f) is a continuous
linear functional,

M = max |A,(f)]

feco(F)
exists. In addition, we have
16 max | A, = max |A, .
(16) max | 4,(f)| = _max 4.(F)

The extreme points of ¢6(C) and ©o(T') are determined in [4] as follows:

(17) ext(@0(C)) = {f : f(2) = co(2), 0<6<2r}
and

(18) ext(@(T)) = {f : f(2) = to(z), 0<0 <)
where cg(z) is given by (2) and

(19) to(2) -

T 1—2zcosf + 22
The extreme points of ¢o(P) [3] are given by

(20) ext(@(P)) = {f: f(2) = po(z), 0<0 <27},

where pg(z) is given by (5). Using (16) with (17), (18), and (20), we see that the
problem of maximizing | A4,,(f)| over the classes C, T, and P reduces to the problem
of maximizing the values of |4, (cg)| (6 € [0,27)), |An(te)| (0 € [0,7]), and | A, (ps)]
(0 € [0,27)) over 6, respectively.

In the following theorems we evaluate the values of A, (cy), An(te), and A, (ps),
where A,,(f) is given by (15). We need to use different countours for different
quadrants of #. So each theorem includes one quadrant of 6.
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Theorem 1. If cy(z) is given by (2), then
e (eina(G) _ 2—2ne—ino¢(0))
CAK2\E (1 — 2740 (1 + k2 — 2k cos 20)"/?
Ogoég (n2071727'“)7

An (C.g)

; 4i1n2
pleos (a(f) + o) =™, 0<O<Z with 7= —=.
4 2 ™
Proof. The function cos z maps the rectangle R with vertices at the points —%,
T = E, ™+ %T, and % onto E. Therefore the function ¢(cosz) maps R onto
A(0,1) with
T it

(21) pleos(a(t) + D =7, 0<t<Z,

ARSI

s
where a(t) increases from 0 to 5 as t increases from 0 to

Integrate the function h(z) = cy(¢(cos z))e™™* over the parallelogram ABCD
with vertices at the points —m, m, 77, and 77 — 2, respectively. From (21) we see

that «(6) + % is a pole of h(z) inside ABCD.

1
Let 1K’ = K7, and refer to sn <z; E) as sn z for convenience. Then

2K /m 2K /m
w(cos (r7 — 2)) = \/ ko sn (7 (5 - 7r7'+z)) = ko sn <7 (5 —i—z)) ,
since sn z is doubly periodic with periods 2iK’ and 4K. Thus
(22) p(cosz) = p(cos (—2z)) = p(cos (mT — 2)).

3
It follows from (22) that —«(f0) + % is the other pole of h(z) inside ABCD. So
by the residue theorem

(23) inBCD h(z) dz = 2mi(Resy(g)4 == + Res_a(9)+3%),

where Res,, denotes the residue of the function h(z) at the point z = z.
The contribution of the integrals on BC and DA cancel each other because h(z)
is a periodic function with period 27w. Now

(24) /AB h(z)dz = /7r h(z)dz = 2/07r co(p(cosx)) cosna dr

—T

and
0 27

/ h(z)dz = h(z + 77T —2m)de = — h(z + 1) dz.
cp 2 0

From (22) we obtain
2
/ h(z)dz = —/ e @) co(p(cos x)) dx
cD 0

(25) ™
=2- 2_4”/ co(p(cosx)) cos na du.
0
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Then adding (24) and (25) results in

— _9—4n 7rc cosz)) cosnx dx.
(26) ﬁBCDh(z)dz—%l 2 )/0 o(¢(cos ) d

To evaluate Res,(g)1 =z, expand the function cp(v/ko sn(u + ug)) about u = 0,
where
2K /7 T
27) w="=(3-e0-7).
The addition formula for snu [8, p.33] yields

Vko snu cnug dnug + Vko snug cnu dnu
28 VEk =
(28) o sn(u + uo) 1 — kg sn?ug sn?u

1 1
where cn z and dn z refer to cn (z; E) and dn (z; E)’ respectively. It follows
from (21) that
Vkosnug=e"? 0<0<

To evaluate cnug and dnwug, employ the identities

0l

(29) sn?z4+cnz=1
and
(30) k2sn?z4dn®z =1

[8, p.25]. To determine whether to use the 4+ or — sign for cnwug and dnwg, check
the signs of Re{cn(x — %)} and Re{dn(xz — Z%’)}, respectively. Deduce from the
addition formulas for cnu and dnwu [8, p.34] that

iK' 1+kycnz+isnz dnzx
cn (z — =4/
2 k() 1+ k() sn? x
d iK' V1+ ko (dnz + iky snx cnx)
nlz—— | = :
. 2 14+ kosn?z

Thus Re{cn(z — lQL/)} > 0 and Re{dn(z — lQL/)} > 0 for z € [0, K], since cnx
decreases from 1 to 0 and dnz decreases from 1 to \/1 — k3 for € [0, K]. Hence
using (29) and (30) we obtain

and

cnug = 4/1—

and

dn Upg = V 1-— k06_2i0.

Choosing the principal branch as —7 < argz < 7, we obtain

0 < arg(enug) < g
and -

0 < arg(dnwug) < T
Therefore

3

0 < arg(cnug dnug) < R
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which implies

(31) Vko enug dnug = ie” (1 + k2 — 2ko cos 29)1/2.
Using
1
(32) snuzu—y(l—kkg)u?’—l—'“,
Lo
(33) cnu:l—gu +o,
Lo o
(34) dnuzl—ikou +e
[8, p-37], and (31) in (28) and doing necessary calculations, we get
(35) Vo sn(u+up) = e +ie (1 + k2 — 2ko cos 29)1/2u + e
Thus
ie—"
co(v/ ko sn(u +up)) = s T
(1+ k3 — 2ko cos20) " “u
or
2K ; ,—1i0
N
™ o\2 2K (1 + kg — 2kgcos 20) '~ (z — a(6) — ZT)

Hence we obtain
7T7:€_i02_n€ina(e)

(36) Resa(g)+u = —

! 2K (1+ k2 — 2o cos20)'/*
3
In a similar way, the residue of h(z) at the point —a(6) + % may be obtained
as
7.”'e—i@2—3116—1'71(1(‘9)
(37) Res_(g)13mr =

2K (1+ k2 — 2kg cos20)'/*
Substituting (36) and (37) into (23) yields
(38)

2,—ifg—n
e 2 ina(0) _ 2—2n

e—ina(@)).

h(z)dz = e
ﬁBCD K(1+ k2 — 2k cos 26)"/*

Comparing (26) and (38) gives the desired result.

For 6 in other quadrants, proofs are similar to the proof of Theorem 1. Therefore
we will state the theorems and then in the proofs indicate only the integration
countours and poles of h(z) inside the countours.

Theorem 2. If cy(z) is given by (2), then

(c1)raleif(emina(n=0) _ g-2ngina(n-0))

4K2Eg (1 — 2-4n)(1 + k2 — 2ko cos 20)"/?
SSO<T (n=0,1,2--),

An (09)

where a(0) is as in Theorem 1.
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Proof. Integrate the function h(z) = cp(p(cos 2))e™* over the parallelogram ABCD

with vertices at the points 0, 27, 37w + w7, m + w7. Inside ABCD there are two

3
poles of h(z), at the points 7 — am — 0) + % and ™+ a(r — 0) + %

Theorem 3. If cy(z) is given by (2), then
(_1)117.‘.26—1'0(61'110((0—77) _ 2—2ne—ino¢(0—ﬂ'))

An(Ce) = )
4K2\/ko (1 — 2747)(1 + k2 — 2k cos 20)"/2

3
WSQS 77[- (TL:O,172,"'),
where a(0) is as in Theorem 1.

Proof. Integrate the function h(2) = cg(p(cos 2))e’™* over the parallelogram ABC D

with vertices at the points 0, 27, 37 — 77, and 7 — 7. Inside ABCD there are two

3
poles of h(z), at the points 7 — a(f — ) — % and 7+ a0 — ) — %

Theorem 4. If cy(z) is given by (2), then

e 0 (e—ina(2ﬂ'—9) _ 2—2neino¢(27r—0))

An (09)

4K2Eg (1 — 2-4n)(1 + k2 — 2ko cos20)"/?
3771_ <0<2r (n=0,1,2,--+),
where () is as in Theorem 1.

Proof. Integrate the function h(2) = cg(p(cos 2))e’™* over the parallelogram ABC D

with vertices at the points —m, m, —77, and —27 — w7. Two poles of h(z) occur at

3
the points a(27 — ) — % and —a(2m — 0) — %

Theorem 5. If pg(z) is given by (5), then
An(pe) = 24,(co), 0<6<2r (n=0,1,2,---).

The proof is similar to the proofs of Theorems 1—4.
Since the function

to(2) i

e S—— 0<0<

1—2zcosf + 22’ ==
has double poles at the points § = 0 and 8 = 7, we will treat these cases separately.
(Note that for 6§ = 0, ty(z) becomes the Koebe function.)

Theorem 6. If k(z) is given by (7), then

An (k)

7T37’L

T 8K3VE (1— k)P (1 —2-2v)

(n=1,2,---).

Proof. Integrate the function h(z) = k(p(cos 2))e'™* over the countour used in the
proof of Theorem 1. Inside the parallelogram ABCD), there are two double poles

3
of h(z) at the points % and % So by the residue theorem

(39) 7{ h(z)dz = 2mi(Res=z + Ressxz ).
ABCD !
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As in Theorem 1,
(40) 7{ h(z)dz =2(1 — 2_4”)/ k(p(cosz)) cosnz dx.
ABCD 0

To find Reszz, expand k (\/ko sn (u + K — %)) about u = 0. Doing the neces-
sary calculations, we obtain
(41)

: <\/%SH (¥ (g _Z)>) T k(1 —k:;Q(z_ o7 T —O%) e

4

Writing
(42) einz — 2—nei7’b(z—%) =2_"[1—|—m (Z— %) _|_]

and multiplying (41) by (42) yields
2 9-n
(43) Reszz = %
4K2(1 — ko)

3
In a similar way, the residue of h(z) at z = % is obtained as
—im?n273"

n——————s.

4K2(1 — ko)
Substituting (43) and (44) into (39) yields

3 2-n(1 2—2n

(45) ]{ h(z)dz = 0202
ABCD 2K2(1 — ko)

Equating (40) and (45) and solving for A, (k) gives the desired result.

_ _o—=3n,
(44) Resaze = =27

Theorem 7. If tp(2) is given by (19), then
B (=) Lx3n
-~ 8K3VEo (1 — ko)2(1 — 2-2n)

The proof is similar to the proof of Theorem 6.

Ap(ts) (n=1,2,--).

Theorem 8. If ty(z) is given by (19), then

B 72 sinna(9)

 4K2Eo (1 — 272) sin O(1 + k2 — 2kg cos 20)1/2”
0<9§g (n=1,2,---),

A, (t.g)

where «(6) is as in Theorem 1.

Proof. Integrate the function h(z) = tg(¢(cos z))e™™* over the rectangle PQRS with
vertices at the points —m, m, —7 + w7, and —7 + w7. The poles of h(z) occur at
the points z for which

(46) plecosz)=e ¥ 0<0< g,
and
(47) plcosz) =i, 0<0< g
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We found in Theorem 1 that solutions of (46) inside PQRS are a(f) + %T and

—a()+ % Similarly, solutions of (47) inside PQRS are obtained as —«a/(6) + %T
and () + BTTT So by the residue theorem

(48)
% h(z) dz = 2mi(Resq(g)4 == + Res_(g)4 8z +Res_q(0) 2z + Resa(9)+3%).
PQRS

By periodicity of h(z) the integrals over QR and SP cancel each other. We have

(49) / h(z)dz =2 / to(p(cos z)) cos nz dz
PQ 0

and
(50) h(z) dz = / to(p(cos (z + 7))@+ gy,

RS T
Using (22) in (50) gives
(51) / h(z)dz = -2 2_4"/ to(p(cosx)) cos nx dx.

RS 0
Adding (49) and (51) yields
(52) }{ h(z)dz = 2(1 — 2= / to(p(cos ) cos na da.

PQRS 0
It follows from (35) that
1
to(v/ ko sn(u + ug)) = ,

. iz T
2sin (1 + kZ — 2kg cos 26)
where ug is given by (27). Hence

7T2—neino¢(0)

(53) Resa 9)L T = — .
O T UK sin0(1 + k2 — 2k cos 20)'

To find Res_,g)422= , expand the function to(v/ko sn(v-+vo)) about v = 0, where

2K (w 3T
Vo = 7 (54‘04(9)— —) .

The addition formula for the Jacobi elliptic sine function gives

(54) vV ko sn(v+ o) =
We have

Vko (snv enwvg dnvg 4+ snvg eno dnwv)

1 — k¢ sn?vg sn?v

Vkosnvg=e?, 0<6< g

By using addition formulas for cnu and dnu we can easily show that
iK'

Re{cen(z — 5

)} =0

and
3iK'

Re{dn(z — 1 <0
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for K < x < 2K. Hence it follows from (29) and (30) that
e—2i6
ko

dnvy = —v/1 — koe—29,

respectively. Therefore (31) results in

cnvg =4/1—

and

(55) Vko ecnwgdnwy = —ie (1 4 k2 — 2kg cos 29)1/2.
Using (32), (33), (34), and (55) in (54) and doing some manipulation, we get

Vo sn(v+wg) = e —ie” (1 4 k2 — 2ko cos 29)1/20 + e

Thus )
to(V ko sn(v +vg)) = —— 2. T
2sin6(1 + k% — 2k cos 20) v
As a result,
9—3n —ino(0)
(56) Res_ (g) 4 32 A

T 4K sin0(1+ k2 — 2k cos20)"/?

Choosing a principal branch, we obtain

(57) Vko — €20 /1 — kge2i0 = —ie" (1 + k2 — 2kq cos 29)1/2.
Then using the above argument with (57) gives

7r2—ne—ino¢(0)

(58) Res_a )+ =
@+ 4K sin0(1 + k3 — 2ko cos 29)1/2
and
7T2—3neina(9)
(59) Res_a(g)_kgerT = —

4K sin0(1 + k3 — 2ko cos 29)1/2 '
Substituting (53), (56), (58), and (59) into (48) yields
227 (1 + 272 si 0
(60) j{ h(z)dz = — (1+ ) sinnaf 2/2.
PQRS K sin0(1 + k% — 2kq cos 20)
Equating (52) and (60) gives the desired result.

Theorem 9. If ty(2) is given by (19), then
—1)" 7% sinnfa(r — 0
i) Ut snlats —0)
4K2\/ko (1 —2727)sin O(1 + k2 — 2kg cos 20)
g§9<7r (n=1,2,---),

where a(0) is as in Theorem 1.
Proof. Similar to the proof of Theorem 8.

In the following three theorems we obtain sharp bounds for the Faber coefficients
of functions in the classes C(E), P(E), and T(E). We first need the following two
lemmas:
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Lemma 1. If a(0) is given by (21), then o’ (0) decreases as 0 increases from 0 to
/2.

Lemma 2. If a(0) is given by (21), then

| sinna(6)] < ™m
sind  — 2K(1— ko)

Proof of Lemma 1. We have from (21)

. e—ie o
e R ) B A —
T \2 4 Vko 0 V1I—12\/1— k22

Hence we obtain

0<6<

ol

—if
1
o)==
(©) Vo 2K o—2i0
1-— 1— k06_2i0
0

Thus it follows from (31) that

o/ (0) = u 0<0<

2K[(1 — ko)? + dkosin? 0] />

N

Hence

() = — 2kgm sin 20 <0

K[(1— ko)® + dkosin® >~

since 0 < 0 < g, and Lemma 1 follows.

Proof of Lemma 2. Let

g(0) = a’(0)sinf —sina(f), 0<6<

SIE

It follows from Lemma 1 that

(61) g'(0) = o’ (0) cos§ — a/(0) cos a(f) > ' (0)(cos @ — cos a(h)).

Since a(f) increases from 0 to g as 0 increases from 0 to — and o/ (9) decreases as
0 increases from 0 to g, we have

(62) a@) >0, 0<06<m/2.

Thus it follows from (61) and (62) that ¢’(6) > 0, i.e.
sin «(6)

< a'(0) = il
sin 6 < a(0)

(63) = 3R —h)’

Hence (63) yields

|sinna(0)]  |sinna()] sina(0) nw
sinf  sina(f) sinf T 2K(1— ko)’

which completes the proof of Lemma 2.
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Theorem 10. If f € C and ¢(z) = ﬁ, then

2

T AK2VEo (1— ko) (1 +2-27)
Equality occurs only for the functions f(z) = ¢(2) and f(z) = —c(—2).

[An(f)I < An(e) (n=0,1,2,---).

Proof. Using (16) with F = C and (17), it is enough to show that maximum of
| Ay (co)| over 8 € [0,27) occurs at § = 0 and 6§ = w. We will give the proof only for

6o, E]. For other values of § proofs may be given by using Theorem 2 or 3 or 4,

depending on the quadrant of 6. Using Theorem 1, it suffices to show that

(1—2727)% 4 4. 2727 gin% pa(0) _ - 2-2n)?
(1 — ko)? + 4ko sin® 6 = (1= ko)?
or, equivalently,
12 2n —2n\2
0 ko2°m™(1 —2
(64) Sln.TLZOé()S 0 ( 5 ) (n:172’._.).
sin” 6 (1 — ko)
It follows from Lemma 2 that
sinz. n2a(9) < m2n2 =12
sin” ¢ 4K2(1 — ko)
Thus the proof is completed if we show that
2,2 k22n1_2—2n2
™n 5 < 0 ( 5 ) (n:1,27_._)
4K>(1 — ko) (1 — ko)
or )
2M(1—27°"
T2 D =120,
2K \/ko n
(1 —272m) %
The sequence {(7)} is increasing. Hence
n n=1
2n(1—-272") _ 3 T
—_— > > =1,2,---),
n 257 v )
which completes the proof for n = 1,2,--- . We may include n = 0 since (64) holds

trivially in this case.

Theorem 11. If f € P and c¢(z) is as in Theorem 10, then

Equality occurs only for the functions f(z) = p(2) and f(z) = p(—=z), where p(z) =
142

1—2

Proof. Using (16) with F = P and (19), it suffices to show that the maximum of

|An(po)| occurs at § = 0 and @ = m. Hence Theorem 11 follows from Theorems 5
and 10.

Theorem 12. If f € T and k(2) is the Koebe function, then

773n

T 8K3Eo (1 — ko)2(1 — 2-2)
Equality occurs only for the functions f(z) = k(z) and f(z) = —k(—2).

|An(f)|S |An(k)| (17,:1,2,---).
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Remark. The proof for n = 0 is given in [7].

Proof. Using (16) with F = T and (18), it is enough to show that maximum of
| A, (tg)| occurs at 6 = 0 and § = 7. We obtain from Theorem 8 and Lemma 2 that

7r3n

Ants) < 0<0<3,

8K3\/Fg (1 — ko) (1 — 2-27)(1 + k2 — 2kg cos 20)"/*

m™n

= 8K3\/ko (1 — ko)2(1 —2-2n)°

Hence, we have from Theorem 6

|A,(to)| < An(k), 0<6<

I

The proof for g < 0 < 7 follows from Theorem 9 and Theorem 7 in the same

way.

Note that here we also showed that
%HT%J An(tg) = An(to) = An(k)

and

lim Ap(to) = An(tx) = An(—h(~2)).

As a final note we make the following conjecture:

Conjecture. If f € S, then

7T37’L

|An(f)| < 8K3\/%(1 _ k0)2(1 _ 2—2n)

(n:1527'“)5 fES,

and

Ao(f) < Ag(k) =10.5984, feS.

This conjecture was proved for the cases n =0, 1,2 in [7].
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